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Unit 7 Day 8

Section 5.4
Trees And Their Properties
& Section 5.5
Spanning Trees

Warm-Up

1) Find the shortest
path(s) and shortest
time fromSto L.

2) A postal carrier must deliver
packages from the warehouse at S
to sites B, C, D, and E and then
return back to the warehouse.
What is the shortest route using the

Nearest Neighbor Algorithm? s
that the optimal solution? Explain.




Warm-Up

1) Find the shortest
path(s} and shortest
time from S to L.

2) A postal carrier must deliver
packages from the warehouse at S 10
to sites B, C, D, and E and then
return back to the warehouse. : ‘ 5
What is the shortest route using the ™

30

Nearest Neighbor Algorithm? s

that the optimal solution? Explain.sp(

Warm-Up Answers
1) Find the shortest path(s) and
shortest time from S to L.

Shortest Path: SMNL or SMINL
Shortest Time: 6
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Practice
Find the shortest path and shortest
time from S to L.

of SKMINL A Pt

4 Shery T 3 ¢

Practice Answers
Find the shortest path from S to L.

Shortest Path: SMNL or SMJNL

Shortest Time: 6
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Warm-Up ANSWERS

2) A postal carrier must deliver
packages from the warehouse at S
to sites B, C, D, and E and then
return back to the warehouse.
What is the shortest route using
the Nearest Neighbor Algorithm? Staet o
Is that the optimal solution?

With Nearest Neighbor, the solution is SBDCES = 56
. . . ﬁ
No, not an optimal solution. With a tree, you'll find

10

SBDCES = 56 SDBECS = 38
SBECDS =37 SDCEBS = 37
SCEBDS = 38 SECDBS =56
SCDBES =52 SEBDCS =52

Tonight’s Homework
Packet p. 15-18
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Homework Answers

p. 226 # 5-7
5.a. 0.36288 sec., 87178.2912 sec. or 24 hours
b. 0.00000036288 sec., 0.08718 sec.

6. Answers will vary.

Examples: A mailman’s delivery route, automated
mail delivery in an office, bank courier

7. SACBS, 18.75 millimeters

Homework Answers
p. 232 #5-8
S5.a. Albany, CEH, ladue 2 +2+1+4 = 9

b. Albany, BD, Fenton, GK, Ladue = 15 . This is a
different solution than part a because you
must travel through Fenton.

6. Answers will vary. Students should explain the
best method to finding the shortest path without
having to use Dijkstra’s Algorithm.

7. ABCEDF =20

8. Shortest path: DCAB least charge 1+2+7=10
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Extra Practice, if time allows

- Construct a tree diagram showing all possible circuits that begin at §,

visit each vertex of the graph exactly once, and end at §.
Find the total weight of each route.

. Identify the shortest circuit,
- Use the nearest-neighbor algorithm to find the shortest circuit,

Does the nearest-neighbor algorithm produce the optimal solution?

Panc

Extra Practice ANSWERS

Construct a tree diagram showing all possible circuits that begin at §,
visit each vertex of the graph exactly once, and end at §.

. Find the total weight of each route.

Identify the shortest circuit.
Use the nearest-neighbor algorithm to find the shortest circuit,
Does the nearest-neighbor algorithm produce the optimal solution?

ANSWERS
b. SBDCES =56 SDBECS =38
SBECDS =37 SDCEBS = 37
SCEBDS = 38 SECDBS =56
SCDBES =52 SEBDCS =52

c. SBECDS, SDCEBS = 37
d. SBDCES = 56
e. No, not an optimal solution.
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Note Section 5.4
Trees And Their

Properties

10

What is a tree?
* Recall: A cycle (circuit) in a graph is any path
that begins and ends at the same vertex
and no other vertex is repeated.

* TREE- connected graph with NO cycles.

11
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Which are trees?

\es
NO Cifeuits

(cﬁc\QS)

12

Which are trees?
ANSWERS

Q. b. c

Yes! No! It contains  No! ltis not
a cycle. connected.

13
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Look at Homework #2 on Packet p15

Determine whether the following graphs are trees.
If it is not a tree, explain why not.
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/ .; 7.\ b. NO . TH'S net Conmecte
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e,

14

Look at Homework #2 -> ANSWERS

Determine whether the following graphs are trees.

a Yes
Q. e b C
/ ./.W\ b. NO, not connected
c. Yes

No, contains cycles

a

o

No, not connected

15



* You have used trees many times in this class already.
(TSP, counting techniques, probability)
* Trees have many applications in the rea| world.
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What are some other applications for trees?

16

Notes Section 5.5
Spanning Trees

17
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Spanning Trees

Many of our lessons have dealt with OPTIMIZATION
(minimizing cost or time or distance).

In this section we are dealing with two situations.
1) Connecting vertices with the least number of edges.
2) Connecting vertices with edges that have the least total
weight.

A SPANNING TREE is a subgraph that will contain every
vertex of the graph.

1) It will contain the minimum number of edges

needed to connect the vertices.
2) It will contain no cycles.

18

Spanning Trees
In making earthquake preparedness plans, the St. Charles County
needs a design for repairing the county roads in case of an
emergency. The figure below is a map of the towns in the county and
the existing major roads between them. Devise a plan that repairs the
least number of roads but keeps a route open between each pair of
towns. * Perugue

~# Crchard Farm

=

—
-

New Melle

Aﬁgusta
Examine your graph. If it connects each of the towns (vertices) and
has no cycles, you've found a spanning tree.

How many edges are in your spanning tree? g O‘\\; E

19
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Spanning Trees ANSWERS
In making earthquake preparedness plans, the St. Charles County
needs a design for repairing the county roads in case of an
emergency. The figure below is a map of the towns in the county and
the existing major roads between them. Devise a plan that repairs the
least number of roads but keeps a route open between each pair of
towns. * Peruque

Wentzville O'Fallon

$ Orchard Farm

St. Charles

New Melle

Augusta
Examine your graph. If it connects each of the towns (vertices) and
has no cycles, you've found a spanning tree.

How many edges are in your spanning tree? 8

20

Spanning Trees ¥ ED Hy

We need a systematic
way of doing this.

Breadth-first Search Algorithm
for Finding Spanning Trees

. Pick a starting vertex, S, and label it with g 0,

2. Find all vertices that are adjacent 1 § and labe) them with a 1.

3. For each vertex tabeled with a 1, find an edge that connects it
with the vertex labeled 0. Darken those ediges,

4. Look for uniabeled vertices adjacent to those with the label 1
and Jabel them 2. For each vertex labeled 2, find an edge that
connects it with a vertex labeled 1. Darken that edge. If more
than one edge exists, choose one arbitrarly.

5. Continue this process until there are no more unlabeled vertices
adjacent to labeled ones. If not all vertices of the graph are
Tabeled, then o spanning tree for the graph does niot exist. if all
vertices are labeled, the vertices and darkened edges are a
spanning tree of the graph.

21

12/11/2018

11



W
ow

Spanning Trees
ANSWERS ‘o

We need a systematic a
way of doing this.

Breadth-First Search Algorithm 2
for Finding Spanning Trees D

1. Pick a starting vertex, 5, and label it with a 0.
2. Find ail vertices that are adjucent to S and label them with o 1.

3. For each vertex labeled with a 1, find an edge that connedts it
with the vertex labeled 0. Darken thaose edges,

4. Look for unlabeled vertices adjacent to those with the label
and label them 2. For each vertex labeled 2, find an edge that
connects it with a veriex labeled 1, Darken that edge. If more
than one edge exlsts, choose one arbitrarily.

5. Continue this process untit there are no more unlabeled vertices
adjacent to labeled ones. If not all vertices of the graph are
labeled, then a spanning tree for the graph does not exist. If all
veriices are Jabeled, the vertices and darkened edges are a
spanning tree of the graph.

Cy =
e (a3

22

Spanning Trees
Attempt the Breadth-First Algorithm with this graph.

Let’s start at K, so we are all on the same page ©
B3

23
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Spanning Trees ANSWERS

Attempt the Breadth-First Algorithm with this graph.

Let’s start at K, so we are all on the same page ©

38 1E F2

c3 17 12

24

Minimum Spanning Trees
Many applications are best modeled with weighted graphs. When this

is the case, it is often not sufficient to find just any spanning tree, but
to find one with minimal or maximal weight.

*Let’s return to the earthquake preparedness situation and reconsider
the problem when distances between towns are added to the graph.

Peruque 9

$ Orchard Form

Wentzville 13 O'Fallon

Augusto

Now, we want to find more than a Spanning Tree. We want to find
an OPTIMAL Spanning Tree, the one with the minimum distance.
Were any of the graphs we made earlier optimal?

A Spanning Tree with minimal weight is called a MINIMUM

SPANNING TREE.

25
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'Minimum Spanning Trees

We need a systematic
way of finding the
Minimum Spanning Tree.

Examine Kruskal’'s A b
algorithm.

Kruskal’s Minimum Spanning Tree Algorithm AR H v
1. Examine the graph. if it is not connected, there will be no
minimum spanning tree. A E Sv
2, l.:_s;lthemedges int order from shortest to longest. Ties are broken __%_.E_.b_ ™ QY-QS a G CLQ ) So
aroigartly. . (
3. Darken the first edge on the list, e C ,7 v SL'@ t .
4. ' Select the next edge on the list. If it does not form a cyde with
the darkened edges, darken it. E‘ D g \/
5. For a graph with n vertices, continue step 4 until 7 — 1 edges of D L i
the graph have been darkened. The vertices and the darkened B D
edges are a minimum spanning tree for the graph. q
. $C 9
26 1 NN, = s 4y g S a.'-\\ AC 10

wemlh-f

We need a systematic
way of finding the
Minimum Spanning Tree.

Examine Kruskal’s A
algorithm.

Minimal weightis4+ 5+ 7+ 8 = 24 E

'Minimum Spannina Trees ANSWERS

Kragkal's Minimum Spanning Tree Algorithm

1. 'Examine the graph. If it is not connected, there will be no
minimum spanning tree.

2. List the edges in order from shortest to longest. Ties are broken
arbitrarily.

3. Darken the first edge on the list.

4. Select the next edge on the list. If it does not form a cycle with
the darkened edges, darken it.

5. For a graph-with n vertices, continue step 4 until n — 1 edges of
the graph have been darkened. The vertices and the darkened
edges are @ mintmum spanning tree for the graph.

[}

List of Edges

from Shortest
to Longest

Edge Length

AB 4
AE 5
BE 6
EC 7
CcD 8
ED 8
8D 9
BC 9
AC 10

27
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Minimum Spanning Trees
Now try Kruskal's algorithm with the St. Charles County example.
_ Peruque ¢V

15
Augusta v \/
Kruskal's Minimium Spanning Tree Algorithm CF-~$tP §
1. Examine the graph. If it Is not connected, there will be no -
minirmum spanning tree, S‘\"C— H 5- \/
2. - List the edges in order from shortest to longest. Ties are broken PQ‘- - S.\, ’P G /\/
arbitrarly. ;
3. Darken the first edge on the list, Ovck - S+C 17
4. Selectthenextedgeonm'ellst.lfjtdoanot_fonnucydewllh S{-@ — S-‘-C g\/
the darkened edges, darken it. h
5. For a graph with n vertices, continue step 4 until  ~ 1 edges of "?er-_wg‘m w_s
the graph have been darkened. The vertices and the darkened Wﬁ
edges are a minlmum spanning tree for the graph. W cugle

—— Weﬁ" "NM lo‘b-f
% {onimora O 412 +1
K\j\i?fr}h\" = b S+S+G+P’+?‘H | 2

Minimum Spanning Trees ANSWERS

Now try Kruskal’s algorithm with the St. Charles County example.
Peruque

Qrchard Farm

Wentzville 13

New Melle 12

Augusta Edge Dista
U'Fallen- St. Peters
Harvester- St. Charfes
Perugue- St, Peters

5t. Chades- Orchard Farm
S5t. Peters- St. Charles

St Peters- Harvester
Peruque- Orchard Farm
Wentzville- New Melle
New Melle- Augusta
Wentzville- O’Fallen

New Melle- O’Fallen

New Melie- 5t. Peters
Augusta- Harvester

St. Peters- Augusta

New Melle- Harvester

Minimum weight is 66.

Kruskal's Minimum Spanning Tree Algorithm

1. Examine the graph. If it is not connected, there wilt be no
minimum spanning tree.

2. List'the edges in order from shortest to longest. Ties are broken
arbitrarily,

3. Darken the first edge on the list.
4. Select the next edge on the list. If it does not form a Cyde with

the darkened edges, darken it.

5. For a graph with n vertices, continue step 4 until n - 1 edges of
the graph have been darkened, The vertices and the darkened
edges are a minlmum spanning tree for the graph.

29
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Traveling salesperson probiems, shortest route problems, and

minimum spanning tree problems are often confused because each

type of problem can be solved by finding a sut:graph that may include,
‘ 7

all of the vertices. ' 0 YA :

wwmmuumwmg

Using the graph to solve the following:

a. Explain how you would use a TSP Tree to determ
b.  Find the shortest route from A to G. = Diy thuig,&\ﬁaﬁ.-ﬂ/\ ™

¢ Find the minimum spanning ffée and its weight. = | V¢ ks alg g
d. Compare and contrast what each type of problem asks and when -

each type is used. D‘D LSS oS hov lest @ad"'\

ine the best path.

o betweon " 3 gownts

30 o NOT need all verh (oS

l
Yvuskal's © Minwaom fYee

MRS Conne

’, ?’.E\Qeén‘-!bf—“ :Q'ma \lQSf‘\" Trea

(

cle

beS~ not | paly

Traveling salesperson problems, shortest route probiems, and
minimum spanning tree problems are often confused because each
type of problem can be solved by finding a subgraph that may include

all of the vertices. Edge (o
AD
CE
OF
AB
BE

EG
FG
DE

Using the graph to solve the following:

a. Explain how you would use a TSP Tree to determine the best path.

b. Find the shortest route from A to G. ADFG=22

¢. Find the minimum spanning tree and its weight. Min Weight = 39 <

d. Compare and contrast what each type of problem asks and when
each type is used.

= bmﬂch& MS§#ad

-

i
(262118
9)

foed
b edges
o 1y

wednt -
(5+Stb174149)

¥
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Day 7 Homework
Packet p. 15-18

32

Next up... Skipped These Slides

* I think this problem is from the day before

33

12/11/2018

17



WARM UP Day 7!

a. Construct a tree diagram showing all possible circuits that begin at S,
visit each vertex of the graph exactly once, and end at S.

b. Find the total weight of each route.

¢. Identify the shortest circuit.

d. Use the nearest-neighbor algorithm to find the shortest circuit.

e. Does the nearest-neighbor algorithm produce the optimal solution?

WARM UP Day 7 ANSWERS!

a. Construct a tree diagram showing ali possible circuits that begin at S,
visit each vertex of the graph exactly once, and end at S,

b. Find the total weight of each route.

C. Identify the shortest circuit.

d. Use the nearest-neighbor algorithm to find the shortest circuit.

e. Does the nearest-neighbor aigorithm produce the optimai solution?

b. SBCDS = 75 SCDBS = 65
SBDCS = 65 SDBCS =70
SCBDS = 70 SDCBS = 75

c. SBDCS or SCDBS = 65

d. SBDCS = 65

e. Yes, the nearest-neighbor

algorithm produces the optimal

solution.

35
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E( Get NeeS Pics
Hom oot Sor s

Unit 7 Day 8

Section 5.4
Trees And Their Properties
& Section 5.5
Spanning Trees

a)
b}
c)
d)

e)

0
®
/ \
C
Start @ 2
E

REVIEW:

A 1 2

#= @ Finish

\
7 D 6 G
— @ —- @ el |
8]
\ . /
O —iin .
F

Label each vertex with its earliest-start time.
What is the earliest completion time for this project?

What is the critical path?

What happens to the minimum project time if task A’s
time is reduced to 9 days? To 8 days?

Will the project time continue to be affected by
reducing the time of task A7 Explain why or why not.
What is the Latest Start Time for D? 87

do
™)



REVIEW:
A 10 g
4
f ,2\26\:_2
0 ._..__?.__._..../

3 F .
a) Label each vertex with its earliest-start time,
b) What is the earliest comptletion time for this project?
c) Whatis the critical path?

d) What happens to the minimum project time if task A’s
time is reduced to 9 days? To 8 days?

e) Will the project time continue to be affected by
reducing the time of task A? Explain why or why not.
f) What is the Latest Start Time for D? B?

= @ Finish

Start @

2
And, finally, this: ANSWERS

(

L

O - 4

N‘(I“)\:ﬁ] (22)

Start @ —-Ii; A S > ¢ -—5 > @ Tinish

0

8

————reaT
(0175' f" {6),

a) Label each vertex with its earliest-start time.

b) What is the earliest completion time for this project? 22
¢) Whatis the critical path? Start ADG Finish

d) What happens to the minimum project time if task A's

time is reduced to 9 2dflys‘? To Bzgays? No. When A is reduced
€) Wil the project time continue to be affected by to 7 days, the critical
reducing the time of task A? Explain why or why not. path changes so A will
f) What is the Latest Start Time for D? B? not keep affecting the
10, 12 project time,
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