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Unit 6 Day 5

2.1-2.2 Fair Division — Discrete Case

Warm-Up

Consider a situation in which voters A, B, C,and D have 4, 3, 3,
and 2 votes, respectively, and 7 votes are needed to pass an
issue.

1. Identify all winning coalitions and their vote totals.
2. Find the power index for each voter.
3. Do the power indices reflect the distribution of votes?

4. Suppose the number of votes necessary to pass an issue is
increased from 7 to 8. How does this change the power
indices of the voters?
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Warm-Up

Consnder a situation in which voters A, B, C, and D have 4, 3, 3,
and 2 votes, respectively, and 7 votes are needed to pass an
issue.

1. ldent:fy all winning coalitions and their vote totals.
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3. Do the power indices reflect the distribution of votes?
No, A 5 \'\3\\%!’ and Ds 5 lower.

4. Suppose the number of votes necessary to pass an issue is

increased from 7 to 8. How does this change the power
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Warm-Up ANSWERS

Consider a situation in which voters A, B, C, and D have 4, 3, 3,

and 2 votes, respectively, and 7 votes are needed to pass an
issue.

1. Identify all winning coalitions and their vote totals.
A,B;7 A,C;7||AB,C:10!/A,B,D;9 A,C,D;9 B,C,D;8 A,B,C,D;12

2. Find the power index for each voter
A5, B3, C3, DA

3. Do the power indices reflect the distribution of votes?
No, A's power is disproportionatety high, while D's Is low.

4. Suppose the number of votes necessary to pass an issue is
increased from 7 to 8. How does this change the power

indices of the voters?
All voters now have equal power.
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FAIR DIVISION

N Ot e S Consider these three scenarios.
1. Martha and Roy want to divide the last plece of the cake tthat their
5 mother baked yesterday. Propose at least three method s of dividing
Unlt 6 Day 6 the piece of cake that will seem fair to both Martha and Roy.

2. Juan and Mary are the only helrs to their mother's estate.  The only
object of significant value Is the house in which they were rafsed. Propose
2.1-2.2 Fair Division — Discrete Case ot least three methods of resolving the issue of the dispositicon of the
house that will seem falr to both Juap and Mary.

3. The sophomore, Junior, and senior classes at Central High School have
333, 288, and 279 members, respectively. The school's stude ntcouncil Is

posed of 20 bers divided g the three cl . Determinea
falr number of seats on the council for each class,

Each group will consider thelr assignad falr-division scenario and present
their solutions to the class.

FAI R DIV ISION In our next class, we will look at the Continuous

There are many circumstances in which the division of Lt
an object or a set of assets in a fair way is important,

* Today, we’ll look at the Discrete Case...
Examples of things that need to be fairly divided:
1. Food among children

2. A house in an estate samong heirs

3. Seats in a governmental body among districts

. e . Fair Division can be DISCRETE or
2.2: Estate Division CONTINUOUS,

Discrete Division - occurs when the objects of the
division cannot be meaningfully separated into pieces.

Ex) Dividing a house
— a piece of @ home
is not useful!




Fair Division can be DISCRETE or
CONTINUOUS.

Continuous Division - occurs when the objects of
the division can be separated into pieces.

Ex} Dividing a cake
= infinite amount of ways!
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* If the candies are identical and the
children are entitled to equal shares,

then the problem is simple.
Each child gets two candies.

+ If, on the other hand, the answerto
either of the above questions s no, the
solution is problematic.

* Should we, regardless of the type of
candies Involved and regardless of the
children’s retative entitlement, give
each child two pieces of candy
anyways?

* If we did, can we with assurance say we are
dividing the candies “fairly*?

* What does “fairly” mean in this context.

* multi-million doltar paintings,

L] jeweh'v’ T —

* piece of land,
¢ seats in congress...

Fair Division can be DISCRETE or
CONTINUQUS.

* It can be difficult to define fairness in some
situations because different people place different
values on the same object,

* Today, we’ll look at the Discrete Case....

So... What is a fair share?

* A fair share is any share that, in the opinion of the
person getting it, is at least “one Nth” of the jtems
to be divided where N is the number of players.

* The fair share is relative to the one recéiving it.
Anyone else’s opinion doesn’t matter. This implies
only “proportional shares”, not “envy free shares”.

* Envy Free Shares: each person should feel that the
received portion is at least as big as every other
person’s.




11/26/2018

Estate Division Algorithm for Dividing an Estate:

i its # bidforeachitermin the estate |
Estate Division is a DISCRETE case hecause the 1) Eachrheir submits abi e estate

object cannot be meaningfully separated into (Bids are not made on cash.)
pieces.

2) A fair share is determined for each heir by finding
Dividing an estate is common in our society, it the sum of his or her bids + cash & dividing this
can be difficult and emotional for the parties sum by the number of heirs.
involved.
In this section, we will learn the basic technique _I—)
for dividing an estate.

5) The remaining cash in the estate is divided
3) Each item in the estate is given to the heir equally among the heirs.
who bid the highest amount on that item.
Using this algorithm, each of the heirs receives a
4) Each heir is given an amount of cash from the share that Is larger than he or she thinks is fair.
estate that is equal to his or her fair share
minus the amount the heir bid on the
ohject(s) he or she received.
If this amount is negative, the heir pays that
amount to the estate.

Sfair share - $ from bids won = $ heir receives

Estate Division Example Estate Division Example
1. Initial Bids BSV0 Coagh :

Bo, Luke, and Daisy are 3 family members who are dividing the o __ (ron nom v will ound vabeesto he nearet doflard
estate of their beloved Lincle Jesse. |BockOVD]  Car _[FuirShare =Toum of bids + caskfheies |
Uncle Jesse’s estate contains: ™ ;‘i—’g :—:—:—- 3 X: O +M'f 0O I’ 3 = .KTD
A Math book - Discrete Mathematics Through Applications imvt R ‘O‘_\'lo-\-'JSﬁ_O FH00 1';3_:_'_ \w,?
A DVD - The Notebook | —=1(0 +& 3+ 3000 +400 5= W
$500 Cash 2. Detarmine each person’s FAIR SHARE. Add their bids a
A car = 1969 Dodge Charger the cash amount in the estate. Then, divide by the numlb‘a*___ ﬁ
Each famity member will submit a “BID” for each discrete itam. of heirs sharing the estate.
Not the Cash. 3. Each item goes 15 the parson who bld h for that item.
The bids show how much each person thinks/feels each em Is Bo  gets the ook and DVD
worth to them personalily. Luke gets MO tams

Dalsy gots the Car




[ TBook [OVD [Car

Estate Division Example

4. Each parion will now recelve cash to complete Rl f2ir share,
Falr Share = {sum of bids + cash)heirs

|Bo |30 | 430 132,000 | (20+30+3000+500)3 = $050
Luke |$10 |$10 [$2.500 (10+10+2500+500)/3 = $1007

I'J'w'fsvso_ £ 43,000

{0+5+3000+500)/3 = $1168

Fac Showre — Q4 oF A~ g
Bo  lowed$8s0-$so=gsc0  re2wed — gued
Luke is owed $1007- $0 = $1007
Dalsy isowed $1168 -$3000= -$1832 Daisy pays into
the estate $1832

So, now the total cash In the estate Is $500 + $1832 = $2332

Problem Continues Next -=

Estate Division Example

7. 50, now finalize who got what
Bo got Math Book, DVD, $800 + $175 = $975
The rest of

Bo's fair share

Bo’s share of the
Cash left in the estate
$1007 + 5175 = $1182

—$1832 + 8275 =% -$1657

Luke got
Daisy got Car

5o, Dalsy got the car, but

paid into the estate $1657
Notice that each helr got more than their fair share. In the end
each heir should feel that they were treated falrly.

Id:andler

Another Example

=

House
50,000 | $5,000 |
1476000 | 5,000 |
[$75,000 |$7,000 |

Who got what tem?  LUnos0vet Brd W JWW;)

Monka “”0\!5@

Who owe: money? Who Is owed money?
Monkea F1000 = 80000 Y¥F = 1o O [
swoo q 2 0 - ,1 |p00 Continues

Chandhr
) — 00
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Estate Division Example
5. Pay off Bo and Luke with the cash in the estate.

Give Bo the $800 he is owed. The estate now has $2332
- 800

31532

Give Luke the $1007 he is owed.  The astate now has $1532
-1007

$ 525

6. The remalning cash, $525, is now divided equally arnong the

$525 /3 =$175 to wach.

3 helrs.
Problem Contintres Ploxt ->

Another Example

Monlca, Ross, and Chandlar are heirs to an estato that Intiudes
a house, 2 boat, a car and $150,000 cash.

Here are their Initial bids:

'TCJ_L'iﬂ\‘H_'EJ:'.SO

Find the fair share for each hair. Round amounts to the
naarest dollar. —

Problem Continues Mext .=

IW_ 0K+ EKy SWA Ko KD/3= B 1K

)/3=g0 K
KY3=gak
l. A

Another Example ANSWERS

Monica - House
Rass - Boat
Chandler — Car

Who owes money? Wha is owed money?

Monlca : $81,000 - $80,000 =  $1,000
Ross :$80,000 - $9,000 = $71,000
Chandler : $82,000 - $13.,000 = $69,000

Problem
Continues
Next ->

Cavpid k/\/‘\-/
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Another Example Another Example
The estate has $150,000 cash.
|-Monics - $81,000-=$80,000 -=—51.000- —Finaltre who got-what, i
Ross i $20,000 - $9,000 = $71,000
Chandler : $82,000 - $13,000 = $69,000 Now, pay off svaryone who fs owed money. O—Heh
Give Monica the $1,000 she ks owed. The estate naw has | $150,000 Monlca got ouse, $1,000+%$3,000 = 54,000 "
;1491%' Ross got Boat $71,000+$3,000 =$74,000 (all e&
|
it ) -
Give Rozs the $71,000 he fs owed. oo '3149.000| Chandler got Car  $69,000+%3,000 =$72,000 W\
i- 71,000 Fﬂ’\&\
|$ 78,000
Give Chandier the $69,000 he b owed, The estatenowhas (378 000 .H‘Ip‘m 0 n“
—69,000 &
The rernalning $9,000 ks divided equally among the 3 helrs. $ 9,000
e
o3 .

vs'' (e

Zack, Slater, Jessie, and Lisa are helrs to the estate of their
favorite principal, Mr. Belding. Mr. Balding leaves behind a
closet full of men’s clothes, a Yacht, a Book of Secrots and
$10,000 cash. The bids of the halrs are detailed In the matrix
below. Show who gets what ltem and how much cash each
will receive/pay. Round money amounts to the nearest cant.

SZlack Cll;t?o;s Y?% Bmm {m‘: 1 lhﬁ)ge-\‘—sooo ﬂ| 2200234; Z?Zg:goo

Jeosie {100 [ 16000 54000 100 ¢ J1b0O 0 4+ 4000 hmo.!o_)ﬁ‘* 1.535,00

I %0 15507 10006 £ 3000 + 10090)/4= 5( 55,00
e e e A08 5| 2375 F133%3

emls)_—my 63,50 +133%:13
Jessie rtem(s)_l;g,ih"'_ cash = ‘?? @ \
isa emis dﬂ&i cas "SL{’?S T’l;-lg‘ "3
Li ftem(s) h E% ﬁo 6\9_6 rlg}g’\a

/4 A
Ourd/owes 4o Estade . s s

e
= 2275 swed
+ 1315 — 5000 suds N
?\i; 16250~ O SWE = (16350 owed Byest

= < QU ouks pesthe. (owes, Yo becavse )
Jessrel 1535 T k00p et T T BATS auth s +u+e-( dve v gehnaa

Lisont 6625 — 800 dothes = 5135 OWC—ALJ es e\nm:: i ,\.\“cQ
$ inJovt o oYt
o000 * BH1S = \2H7S A eshk o

Cash wWSYEh  Fron FESST '-.

— 2 — \69 SO - aQ - NOW |
\%LLZI%;,‘-WAE NOW a-h) ng.(,h cg.h; S\ade 6_}0 L?SL HQ{ w50 ne eomie

Roranma Cash 3RS0/ =120 Ba1D 40 et hen ) ——
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Step 1 - Bids

* There are, at times, division of an estate
where not everyone shares equally in the
distribution. In these instances, we change
part of our algorithm to reflect the

differences.

lust ltke before, each heir submits a bid for
each item in the estate. {Bids are NOT made
on cash in the estate because it can be divided
equally without controversy.)

Step 2 - Fair Share

* A fair share is determined for each heir. In this
case, find the sum of his/her bids and any
cash and multiply by the fractional

arngortion {or percentage).

This will ensure that each heir receives the
correct proportion,

Step 3 — Highest Bidder Wins

* Each item in the estate is given to the heir
who bid the highest on that item,

Step 4 — Cash Division

* Each heir is given an amount of cash that is
equal to his/her fair share (from step 2) less
the amount the heir bid on the objact(s)
he/she received. If this amount is negative,
the heir pays that amount into the astate.

Step 5 — Remaining $$

* The remaining cash is divided among the
heirs. This is achieved by multiplying the

remaining cash by the fractional pro ortion,

—_— : —
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Example: Wendy, Keith, & Rhonda are heirs to an estate Wandy and Keith both recsive % of the estate. Rhonda rectives ’J

that includes a house, a tractor, a diamond ring, and a car, of the estate. The estate Includes $300,000 in cash.
1—ltalso.includes $300,000-in cash. ‘Wendy-and-Keith-both [rm— Wr‘wmﬁr‘&

receive % of the estate, while Rhonda receives ¥ of the

Wendy | $LI0,000 | $3,000 % |

estate, F‘_m | = ’

* Step 1: Each heir submits a bid for the house, tractor, {Rheods [SHSOOT| $4000 1§00 | s
ring, and car.

Step 2: A falr share is determined for each heir

[ House | Tractor iwm mmi Car "

Wendy | $120,000 | 43,000 | 000 | 48,000 Wendy: (§120,000 + $2,000 +$5,000 +$8,000 +$300.000} x ¥4 = $109,000
Kefth | $115,000 | §a.000 2, 5,000 | Keith:  ($115,000 +$5,000 +$2,000 +$9,000 +$300,000} x ¥4 = $107,750
Rhonda | J175,000 | $4,000 | ~ $3,000 %5,500 Rhonda ($125,000 +$4,000 +$3,000 + $5,500 +$300,000) x %6 = $220,260

Froblam Continues Mext = FProblem Continues Mext -=

¢ Step 3: Hovee Traclor | Damond Gr
Wendy receives the diamond rin, i i I T
. v ) g [ Teth | SIGO00 | <000 | &0 | ©59 ]
Keith receives the tractor and the car o 3
Rhonda receives the house Step 4: Cash equalto the difference between the fair share
“Houda Trackor m«u [ and the valye of the awarded items Is given to each
Wardy —— [FER000 o heir. qb avestta/
[ T ey Py e Fogare Mom ahade.
m—m—m———[m— Wendy: $109,000- $5,000 =$104, ooo
! Kelth: $107,750- $14,000 =$93,750
Rhonda: $220,250- $125,000= $95,250

infouvr o egite n00 &
—Ho00O ~ 93750 ~ S350 = L
e Srdy Kok Rwada Cremeqny

Step 5 BMV'Sn v\j
tep 5: L rCM“' . )
The cash given to the heirs totals $293,000 ettt
which leaves $300,000 - $293,000 = $7,000 cash . )
in the estate. Each helr receives a bonus of : Wendy received Ring, $104,000 + $1,750 = $105,750
Keith received Tractor, Car, $93,750 + $1,750 = $95,500
Wendy $7,000x% = $1,750 Rhonda received House, $95,250 + $3,500 = 98,750

Keith  $7,000 x % = 51,750
Rhonda $7,000 x % = $3,500
\V

)

\& Problem Continues Mext -

Kvackiona
pogoen
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